A note on the exponent set of primitive minimally strong digraphs  by Shangjun, Yang
A Note on the Exponent Set of Primitive Minimally Strong Digraphs 
Yang Shangjun 
Department of Mathematics 
Anhui University 
Hefei, Anhui, People’s Republic of China 
Submitted by George Phillip Barker 
ABSTRACT 
We obtain a lower bound for e(n), tbe least integer (greater than or equal to 5) 
that is not the exponent of any n X n primitive, nearly reducible matrix. The main 
result is that under certain hypotheses about the distance between n and the nearest 
prime number we have that e(n) > n2/3. 
1. INTRODUCTION 
If A is an n X n nonnegative matrix, then the digraph of A, D(A) = 
(V, E), is the directed graph with vertices V = {l,. . . , n} and edges E = 
((i,j): aij > O}. Th e o f 11 owing known results relate properties of the matrix A 
to properties of its digraph (see Varga [9]): 
(a) D(A) is a primitive digraph if and only if A is a primitive matrix and 
y( D(A)) = y(A), w h ere y denotes the primitive exponent; 
(b) D(A) is strongly connected if and only if A is an irreducible matrix; 
(c) D(A) is a minimally strong digraph if and only if A is a nearly 
reducible matrix. 
Hence the exponent set of the n X n primitive, nearly reducible matrices and 
that of primitive, minimally strong digraphs with n vertices are the same. In 
this paper we investigate the exponent sets of digraphs. 
Ross [7] introduced the number e(n), which is the least integer greater 
than 5 such that no n X n (n > 5) primitive, nearly reducible matrix (or 
equivalently, primitive, minimally strong digraph) has this integer as its 
LINEAR ALGEBRA AND ITS APPLICATIONS 171:187-196 (1992) 
0 Elsevier Science Publishing Co., Inc., 1992 
187 
655 Avenue of the Americas, New York, NY 10010 0024-3795/92/$5.00 
188 YANG SHANGJUN 
exponent. Ross gave a lower bound e(n) > n + 1, and subsequently there has 
been interest in improving this lower bound. In particular, Shao 181 gave 
e(n) > $<n’ -2n + lo)+ 1, Yang and Barker [lo] gave e(n) > n2/4 - 
(n /2j3”, and Li [3] improved this to e(n) 2 n2/4. The central result of this 
paper is that if for any n > 10 there is a prime p with n < p < n + n”.6, then 
e(n) > n2/3. 
2. PRELIMINARIES 
Suppose D is a primitive digraph whose different circuit lengths are 
cr>c 2,. . ., c,. We know from [9] that D is primitive iff gcd(c,, . . . , c,) = 1. For 
any ordered pair of vertices (i, j> we define the nonnegative integer rij as 
follows. If i = j and there exists a circuit of length c, through vertex i for 
s=l,2 ,.. .,u, then rij = 0. Otherwise rij is the length of the shortest path 
from i to j which has at least one vertex on some circuit of length c, for 
s = 1,2,. . . , u. Let r = max rij, where the maximum is taken over all ordered 
pairs (i, j). 
In [4] Dulmage and Mendelsohn discuss the unique path property and a 
weaker condition. This weaker condition is equivalent to the affine sum 
property introduced in [lo]. An ordered pair of vertices (k, m) of the digraph 
D is said to satisfy the afhne sum property if and only if for every path from 
k to m of length w 2 rkm there are nonnegative integers a,, a2, . . . , a, for 
which w = rkrn + alcl + . . . + a,c,. If the ordered pair (k, m) has the affine 
sum property and rkm = r, then 
where @Cc i, . . . , c,) - 1 denotes the Frobenius number, that is, the largest 
integer not expressible as a nonnegative integral combination of cr, c2,. . . , c,. 
If gcd(s, t) = 1, then 
@(s,t)=(s-1)(t-1) 
(cf. [3l, [8], and [101X 
Note that @(s, t) = F(s, t) + 1, where F(s, t) is the function introduced in 
[3] and used in [lo]. Li in [3] uses @(s, t). 
We need a special case which can be summarized as follows. 
PROPOSITION 1. Zf a strongly connected digraph D has only one circuit, 
(Y, of length t (which we call the basic circuit), several circuits of length s < t 
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TABLE 1 
?l= e(n) > ?l= e(n) > tl= e(n) > 
5 7 12 49 18 151 
6 13 13 63 19 176 
7 20 14 87 20 203 
8 21 15 106 21 232 
9 25 16 107 22 233 
10 36 17 126 23 248 
11 47 
with gcd(s, t) = 1, and no other circuit, then 
(a) D is primitive, 
(b) y(D) = d + t + @(s, t) = d + t + (s - 1Xt - 1) = s(t - 1) + d + 1, 
where d i-s the length of the longest path on the circuit (Y which has no vertex 
belonging to any other circuit (cf. [lo, p. 1841). 
In terms of Definition 2.5 of [lo], d is the length of the largest pure 
subpath of the basic circuit (Y of D. The remark on p. 178 and the proof of 
Lemma 2.4 on p. 186 of [lo] then show that maxij rij = r = d + t. 
The next three propositions are the other known results which we need. 
We use NE, for the exponent set of primitive minimally strong digraphs 
with k vertices. 
PROPOSITION 2.
(a) NE, c NE,+I for any n 2 5 <cf. [31). 
(b) e(n) < e(n + 1) fm any n > 5 (cf. [lo]). 
PROPOSITION 3. We he the lower bounds 
PROPOSITION 4. e(n) > n2/4 for n > 5 (cf. 
3. LEMMAS 
shown in Table 1 (cf. [lo]). 
[31X 
Before proving the basic theorem we establish several lemmas. Through- 
out this section n is greater than 9 and [a, b] denotes the set of integers i 
such that a Q i < b. 
190 YANG SHANGJUN 
LEMMA 1. Let the prime p satisfy 2 < p < n/2. Then 
[P(P+~-~)+L p(p+k-l)+p]cNE, 
fork=l,...,p-1. 
Proof. By Proposition 1 it suffices to construct for any integers n, p, 
1 Q k < p - 1 and 1~ i Q p, a minimally strong diagraph D with n or fewer 
vertices, a unique cycle (Y of length p + k, one or two circuits of length p, 
and no other circuits, such that i - 1 is the length of the longest path on (Y 
that has no vertex on any other circuit. If i > k, then we let D be the 
diagraph in Figure l(a). If i < k, then we let D be the diagraph in Figure 
l(b). n 
LEMMA 2. Suppose the prime p satisjes 2 < p < n/2. Then e(n) > 
pep - 1). 
Proof. We let [ak,bkl=[p(p+k-l)+l, p(p+k-l)+pl for k= 
1,2,..., p - 1. Then [ak, b,]c NE,. Since b, = p(p + k -l)+ p = p(p + k) 
=ak+,-lfork=l,2,...,p_2,itisclearthat 
p-1 
U [ak,bk]=[al,bp_l]=[~2+19 P(~P-~)]~NE”. 
k=l 
By Proposition 4 
n-l 2 




and hence e(n) > p(2p - 1). 
LEMMA 3. Zf the integers s and t satisfy 2 < s < t, gcd(s, t) = 1, and 
t+[t/s]+l,(n, then 
[s(t-l)+l, s(t-l)+n-s] cNE,. 
Here [r] denotes the greatest intiger less than or equal to r. 
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Proof. By Proposition 1 it suffices to construct for any integer i (1 < i < 
n - s) a minimally strong digraph D with n or fewer vertices, a unique cycle 
cy of length t, k circuits of length s, and no other circuits, such that i - 1 is 
the length of the longest path on (Y that has no vertex on any other circuit, 
where 1~ k < [t/s] + 1. If i > t + s, then we let D be a diagraph in Figure 
2(a). If i < t - s, then we let D be the diagraph in Figure 2(b). 
In Figure 2 we show only the first two digraphs for which the value of d 
is n - s - 1 and n - s - 2, respectively. n 
LEMMA 4. Suppose the prime p satisfies 2 < p < n /2. Then e(n) > p(2p 
-l)+n-2p. 
Proof. Applying Lemma 3 with s = p and t = 2p - 1, we get 
[ p(2p -2) + 1, P(~P -2) + n - PI 
=[p(2p-2)+1, p(2p-l)+n-2p] cNE,. 
Then use Lemma 2. n 
LEMMA 5. Foranyprimep>2 satisfying 2p+3<n<3p+2 wehave 
[2p2+l, p(n-3)+3] cNE,. 
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Clearly any two consecutive intervals in the union overlap because n - p > p. 
Therefore 
[2p2+l, p(n-4)n-- P] cNE,. 
But p(n-4)+n-p>p(n-4)+p+3=p(n-3)+3,whencetheresultfol- 
lows. n 
LEMMA 6. Suppose p’ is the least prime greater than the prime p, and 
d = p’ - p. We have 
(a) ifpP(2p - 1) > +(2p’)“, then e(n) > in” fir 2p + 1 < n < 2~” 
(b) if q. q’ are another pair of consecutive primes with q > p and d, = 
q’ - q Q d, then 
p(2p - 1) > $(2p’)” implies q(2q - 1) > +(2q’)2. 
Proof. (a) is immediate from Lemma 2. 
(b): Since p r2 = p” + d(d +2p), p(2p - 1) > $(2p’12 is equivalent to 2p2 
-3p > 4d(2p + d) and hence to p(2p -3)/(2p + d) > 4d. Similarly, q(2q 
- 1) 2 i(2q’)2 is equivalent to q(2q -3)/(2q + d,) 2 4d,. Since x(2x - 
3)/(2x + d) is an increasing function of x > 0 and d, < d, we have 
q(2q -3) ~ q(2q -3) ~ P(2P -3) 
2q + 4 2q + d 2p+d 
>4da4d,. 
Therefore (b) follows. 
We want to prove for n > 10 that 
e(n) > n”/3. (*) 
We start by verifying (*) on [2p + 1, 2p’] for each consecutive prime pair 
p, p’ in the list of primes between 13 and 90. These numbers are 
13,17,19,23,29,31,37,41,43,47,53,59,61,67,71,73,79,83,89. For p 2 29 
this can be done by verifying that 
p(2p - 1) > +(2p’)2 (**) 
and using Lemma 6. Thus we have the next lemma. 
194 YANG SHANGJUN 
LEMMA 7. e(n) > in” for all n E [2(29) + 1, 2(89)]. 
From Table 1 we conclude that (*) holds for n E [lo, 2(13)]. Since 
$(26)’ < 248 < e(23) < e(26), ( *) holds for n = 24,25,26. The inequality 
13(2(13) - 1) = 325 > t(31)’ implies (* ) for n E 2[2(13)+ 1, 311. For n E 
[32,34] we first set s = 13, t = 25 and use Lemma 3 to get 
NE,, I [ 13[24] + 1,13[24] + n - 131 1[313,331]; 
then set s = 15, t = 23 to get 
NE,x[15(22)+1,15(22)+n-151 1[331,347]; 
and finally put p = 13 and use Lemma 5 to obtain 
NE,1[2(13)~+1, 13(n-3)] 1[339, 13(n-3)]. 
Therefore e(n) > 13( n - 3) for n E [32,35], whence ( * J holds for n E ]32,35] 
and NE,, 3 [313,416]. For n E [36,38], we let (s, t) be (13,33), (17,27), 
(17,28), (17,29) consecutively and use Lemma 3 to get ]417,449] C NE,,, 
[443,461] c NE,, [460,478] c NE,,, [477,495] C NE,. Therefore e(n) > 495 
> n2/3 for n E [36,38]. 
By Lemma 4, for n E [2(19)+ 1, 451, e(n) > 19{2(19)- 1) > l/(3(45)2}, 
and further e(46) > 19{2(19) - 1) + 46 - 2(19) > 1/(3(46)2I. Thus ( * ) holds 
on [2(19)+ 1, 461. 
Similarly, 23(2(23) - l} = 1035 > (55)2/3, which implies ( * ) for n E 
[2(23)+ 1, 551. For n E [56,58] we set s = 25, t = 42 and use Lemma 3 to 
obtain 
NE,[25(41)+1,25(41)+n-251 ~[1026,1056], 
and then put s = 22, t = 49 to obtain 
and finally set p = 23 and use Lemma 5 to get 
NE,1[2(23)‘+1,23(n-3)] 1[1059,23(n-3)]. 
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Therefore e(n) > 23(n -3) > in” for n E [56,58], whence (*) holds on 
[2(23)+ 1, 2(29)]. If we now use Lemma 7 we have proved 
LEMMA 8. e(n) > $n” for n E [lo, 1781. 
4. MAIN RESULT 
Since our main result has as a hypothesis a conjecture about the distribu- 
tion of prime numbers, we shall first state and discuss this open problem. 
CONJECTURE. For any integer n > 10 there is a prime p with n < p < 
b + n”.6. 
We first note that the conjecture is a consequence of the Riemann 
hypothesis. Next, Huxley (see [S]) h as shown that for any real number c > & 
and for all sufficiently large n there is a prime p with n < p < n + nc. This is 
a refinement of Bertrand’s postulate (c = l), which was first proved by 
Chebyshev. For a discussion of Bertrand’s postulate and results related to 
Huxley’s theorem see Section 5.7 and the notes to Chapter 5 of [5]. Finally, 
using a table of primes (e.g., from [2]) we can verify the conjecture for n up 
to 100,000. 
MAIN THEOREM. Suppose that n > 10 is an integer and p is a prime with 
n < p < n + n”.‘j. Then e(n) > in”. 
Proof. By Lemma 8 it suffices to prove the result for n > 178. Let p be 
the largest prime less than n/2. Clearly, p > n/2 - P’.~, for otherwise by 
the hypothesis there is a prime p’ such that p < p’ < p + p”.‘j < n /2, which 
contradicts the choice of p. Now by Lemma 2 we have 
4 n) > 4% -1) ~[~_(a,“.“][2(a(~,“.“)-l 
n2 
=y + ni.a($na.4 -20.4). 
When n > 178 we have $no.4 -2°.4 > 0 and hence e(n) > in”. This com- 
pletes the proof. n 
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